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Thinking Rationally about
Number and Operations
in the Middle School

CONSIDER THE FOLLOWING THREE SITUATIONS:

1. Suppose that Julianna and Fran are racing, and
Julianna has completed 3/5 of the race while
Fran has completed 2/3 of the race. Who is in
the lead?

2. How many bows that are each 5/12 yards long
can be made from 3 vards of ribbon?

3. If you were as strong (for yvour size) as an ant,
how much weight could you lift? (Note: ants can
lift 1/5 of an ounce, although they weigh only
about 1/250 of an ounce.)

These three scenarios, which involve the relative
size of fractions, fraction computation, and propor-
fional reasoning, respectively, illustrate some of the
middle school content expectations within the Num:-
ber and Operations strand of Principles and Stan-
dards for School Mathematics (NCTM 2000). A facil-
ity with rational numbers “should be developed
through experience with many problems involving a
range of topics™ (NCTM 2000, p. 212). In the follow-
ing sections, we describe classroom experiences
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with the problems mentioned above and discuss
other problems, as well. Each of these problems is
“intriguing, with a level of challenge that invites
speculation and hard work,” in other words, “worth-
while tasks,” as defined in Principles and Standards

Jfor School Mathematics (p. 19). We hope these class-

room experiences serve to illuminate both the con-
tent emphasis of the middle-grades number strand
and the focus on reasoning and problem solving that
is important to the study of mathematics in general.

Understanding Rational Numbers

ONE CONTENT EXPECTATION FOR MIDDLE
school students is to “compare and order fractions,
decimals, and percents efficiently and find their ap-
proximate locations on a number line” (NCTM 2000,
p. 393). We have found that even when students can
determine the larger of two [ractions or two deci-
mals, they often do not have a sense of the size of
that value when it is related to 0, 1/2, and 1 (Mar-
tinie and Bay-Williams, in press). In a fifth/sixth-
grade classroom, the following problem was posed:




Red Light, Green Light
At recess, a group of students was playing “red
light, green light.” Mrs. Hancock was the caller
and was very quick to catch students moving and
send them back. After 10 minutes, no one had
won, but each student was this fraction of the
way to Mrs. Hancock:

Abilene: 1/4
Bob: 8/9
Corey: 7/10
Danielle: 9/21
Edwardo: 7/16
Fran: 2/3
Gina: 2/47
Henry: 5/6
Isabelle: 3/4
Julianna: 3/5
Kendall: 1/13
Leonardo: 1/8

Using only mental math, can you order these stu-
dents from the start to the finish? Explain briefly
how vou placed each one.

The popular game “red light, green light” was used
to provide an intriguing context that incorporated a
number-line model for thinking about fractions.
The class began with five student volunteers ac-
tually playing “red light, green light.” When the vol-
unteers were “frozen,” we asked observing students
to describe approximately what fraction of the way
each student was from the start to the finish line.
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Students used many approaches to order the play-
ers. Some students used benchmarks, placing 0,
1/4,1/2.3/4. and 1 on the number line and making
decisions about whether each of the fractional val-
ues in the problem was greater than or less than
each of these values (see fig. 1).

Other students relied on their understanding of dec-
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Fig. 1 A solution ihat used benchmarks to order the fractions
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Fig. 2 Students use de(nmal equwalence for fifths and sixths to help order fractions.
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imals. For example, one group converted all fractions
to decimals (mentally), using familiar equivalencies to
generate unknown ones. For example, to figure out
5/6, they knew that 3/6 = 1/2 = 0.50. Then they divided
50 by 3 to find 1/6, then multiplied hv 5to find 5 5/6 (see
fig. 2). Some students used a blend of strategies, de-
pending on the fractions, as figure 3 explains. Several
groups used centimeters or inches to determine the
fractional amounts. A few students created one num-
ber line and then made slash marks for each denomi-
nator, erasing and redrawing. For fourths, they sepa-
rated the number line into four equal sections and
placed 1/4 and 3/4; for 3/47, they drew 47 tick marks
and found 3/47. As students shared these varied solu-
tion strategies, they continue to develop their under-
standing of the relative size of fractions.

Some of the solution strategies described here in-
dicate the flexible use of fractions. Flexibility with ra-
tional numbers includes (1) working flexibly within a
form (i.e., among fractions only); (2) moving among
fractions, decimals, and percents; and (3) knowing
which form is most useful, given the problem at hand.

Moving among forms is important, but just as im-
portant is knowing when a particular form is most
useful. In this particular class, many students had be-
come overreliant on decimal equivalencies for com-
paring fractions. This situation became obvious when
we posed the following basketball problem to them:

[n the middle of a close basketball game, our oppo-
nents are charged with a technical foul. Our coach
gets to pick who she feels is the best free-throw
shooter on our team. She looks at her record book
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Fg 3 An explanation that incorporates decimal equwalencnes
to order fractions




and sees that Angela has made 17 of 25 free
throws, Emily has made 15 of 20 free throws, and
Carma has made 7 out of 10 free throws. Which
players should our coach pick to shoot the free
throw? (Adapted from Lappan et al. 1996)

Students quickly reached for their calculators
and divided each number of shots made by the
number of shots taken, found the decimals, and
multiplied them by 100 to compute the respective
percents. Although this approach demonstrated flu-
ency in rewriting fractions as decimals and as per-
cents, we were hoping for more thoughtful reason-
ing. We asked students to reconsider the problem,
given that the coach was unlikely to have a calcula-
tor. As seen in figure 4, this prompt generated
more reasoning in solving the problem.

Students need a lot of different experiences to
help them develop the ability to work flexibly and
thoughtfully with problems involving fractions, dec-
imals, and percents. Students who have a deep un-
derstanding of frequently used fractions, decimals,
and percents are equipped with knowledge that
supports their understanding of the relative sizes of
less frequently used rational numbers.

The Meaning of Operations

STUDENTS SHOULD UNDERSTAND THE MEANING
and effects of arithmetic operations with rational num-
bers and should be able to develop and analyze algo-
rithms when computing rational numbers. This focus
on understanding operations with rational numbers,
then applying this understanding to developing algo-
rithms, is a major shift from a teaching model in
which procedures for fraction computation are pre-
sented to students without examining how they work.

The following problem, involving a whole num-
ber divided by a fraction, was posed to a class of
seventh graders:

Maria has 3 yards of ribbon that must be cut into
sections of 5/12 vard each to make bows. How
many bows can be made?

Because they had already encountered a number of
other contexts that involved fractional divisors, some
students were beginning to take shortcuts and develop
an algorithm. For example, one student explained that
for each vard, envision 12 parts (each 1/12 of a vard in
length), so the total number of parts is 12 x 3, or 36.
Each bow requires 5 of the parts, so the 36 parts need
to be combined together in groups of 5. From 36 parts,
7 bows can be made, since 36 = 5 = 7 (with some ribbon
left over). Other students were more comfortable
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Flg 4 A solutlon to the second attempt at the free-thruw-shootmg prohlem

using a concrete model and solved this problem using
Cuisenaire rods or pictures.

After multiple experiences with contextualized
problems involving division of a whole number by a
fraction (e.g., ¢ + a/b), students will begin to see that
the denominator of the fractional divisor (b) defines
how many parts to split each whole. Therefore, the total
number of parts is (be). The numerator of the fractional
divisor (a) tells the group size, that is, how many parts
must be in each group. To find how many groupings
are possible, a student must divide the total number of
parts (be) by the group size (a). The standard algo-
rithm for division by a fraction—"multiply by the recip-
rocal™—begins to emerge and make sense to students.

Few middle school students (or adults) find it
easy to describe real-world situations that represent
operations with fractions. In a study of U.S. and Chi-
nese elementary teachers, Ma (1999) asked them to
consider this division of fractions task:

1 3/4+1/2
She asked each teacher to complete the compu-
tation and to suggest a real-world context in which

this computation would be used. U.S. teachers were
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’ Ants are small and mighty! One ant weighs
‘ about 1/250 of an ounce! It can lift a bread
\ crumb that weighs about 1/5 of an ounce.
‘ If vou were this strong, how much could
’ vou lift?

Fig. 5 The Ant Problem
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Flg 7 A second strategy for solving the Ant Problem
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unable to adequately explain the computation (al-
though some did remember the invert-and-multiply
algorithm), and were also unable to provide appro-
priate real-world applications. If a person is unable
to link an algorithm to a context, knowing the algo-
rithmes is of little use. By connecting contexts to al-
gorithms, students will be more likely to select and
apply the appropriate algorithms when confronted
with new situations.

Proportionality

CONSIDERED A UNIFYING THEME IN MIDDLE-
grades mathematics, proportional reasoning is a
“key mathematical idea that permeates the curricu-
lum” (Silver 2000, p. 22). Proportional reasoning is
different from instructing students to set up propor-
tions in a prescribed manner and apply a cross-multi-
plication algorithm to solve the proportion. Students
need the opportunity to compare two related quanti-
ties, reason about the relationship between them,
and develop their own methods of comparison.

The book If You Hopped Like a Frog by David
Schwartz (1999) describes a series of proportional
](‘[:l[l()]lbhlpb between animals and people. Before
reading the book, students were given task cards
like the one shown in figure 5.

Figure 6 presents one of two different ap-
proaches to solving the problem. In this approach,
the students were trying to figure out how many 5s
are in 250. Once they figured out that the change
factor was 50, they multiplied their own weight by
50. A 98-pound student determined that she would
be able to lift 4,900 pounds!

A second group (see fig. 7) found common de-
nominators for the ant’s weight and the bread-
crumb weight to compare the two fractions. With a
common denominator of 100, the numerators of the
two Iractions are 0.4 and 20, respectively. At first,
this group looked at the difference in the numera-
tors (19.6). After some discussion, another student
suggested that they find how many times its body
weight an ant can lift. After guessing and checking,
students figured out that 0.4 % 50 = 20. One student
summarized, “This means we can lift that much
more than what we weigh . .. 50 times.”

As students discussed how to compare animal
characteristics with their own, they were chal
lenged to make sense of what is and what is not ap-
propriate proportional reasoning. After solving
other tasks, they listened to the storv. Students
were amazed by the exceptional qualities of the an-
imals presented in the book and were better able
to appreciate the mathematics contained in the
text of the book.
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